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ABSTRACT: We discuss the N’ = 2 superspace formulation of the A/ = 8 superconformal
Bagger-Lambert-Gustavsson theory, and of the N' = 6 superconformal Aharony-Bergman-
Jafferis-Maldacena U(NN) x U(IN) Chern-Simons theory. In particular, we prove the full
SU(4) R-symmetry of the ABJM theory. We then consider orbifold projections of this the-
ory that give non-chiral and chiral (U(N) x U(NN))™ superconformal quiver gauge theories.
We argue that these theories are dual to certain AdSy x S7/(Z, x %) backgrounds of
M-theory. We also study a SU(3) invariant mass term in the superpotential that makes the
N = 8 theory flow to a N/ = 2 superconformal gauge theory with a sextic superpotential.
We conjecture that this gauge theory is dual to the U(1)g x SU(3) invariant extremum
of the N' = 8 gauged supergravity, which was discovered by N. Warner 25 years ago and
whose uplifting to 11 dimensions was found more recently.
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1. Introduction

In the recent literature there has been a lot of excitement about the work of Bagger
and Lambert [-f), and the closely related work of Gustavsson [, who succeeded in
finding a 2 + 1 dimensional superconformal Chern-Simons theory with the maximal N' = 8
supersymmetry and manifest SO(8) R-symmetry. These papers were inspired in part by
the ideas of [f], fi]. The original motivation was a search for a theory describing coincident
M2-branes. An interesting clue emerged in [fi, § where it was shown that, for a specially
chosen level of the Chern-Simons gauge theory, its moduli space coincides with that of a
pair of M2-branes at the R®/Zs singularity. The Zs acts by reflection of all 8 coordinates
and therefore does not spoil the SO(8) symmetry. However, initial attempts to match the
moduli space of the Chern-Simons gauge theory for arbitrary quantized level k with that of
M2-branes led to a number of puzzles [[]-[]. Very recently, these puzzles were resolved by
a very interesting modification of the Bagger-Lambert-Gustavsson (BLG) theory proposed
by Aharony, Bergman, Jafferis and Maldacena (ABJM) [[0] which, in particular, allows
for a generalization to an arbitrary number of M2-branes. This opens the possibilities for
many extensions of this work, some of which we begin exploring in this paper.

The original BLLG theory is a particular example of a Chern-Simons gauge theory with
gauge group SO(4), but the Chern-Simons term has a somewhat unconventional form.
However, van Raamsdonk [[J] rewrote the BLG theory as an SU(2) x SU(2) gauge theory



coupled to bifundamental matter, as summarized in section f]. He found conventional
Chern-Simons terms for each of the SU(2) gauge fields although with opposite signs, as
noted already in [[[1]. A more general class of gauge theories of this type was introduced by
Gaiotto and Witten [[[d] following [[[J]. In this formulation the opposite signs for the two
SU(N) Chern-Simons terms are related to the SU(N|N) supergroup structure. Although
the GW formulation generally has only N = 4 supersymmetry, it was recently shown how
to enlarge the supersymmetry by adding more hypermultiplets [[[4, [(]. In particular, the
maximally supersymmetric BLG theory emerges in the SU(2) x SU(2) case when the matter
consists of two bi-fundamental hypermultiplets. Furthermore, the brane constructions
presented in [13, [[(] indicate that the relevant gauge theories are actually U(N) x U(N).
The presence of the extra interacting U(1) compared to the original BLG formulation is
crucial for the complete M-theory interpretation [I(].

One of our aims is to present the BLG theory using N' = 2 superspace formulation in
2+1 dimensions, which is quite similar to the familiar A = 1 superspace in 3+1 dimensions.
In such a formulation only the U(1) g symmetry is manifest, while the quartic superpotential
has an additional SU(4) global symmetry. For a specially chosen normalization of the
superpotential, the full scalar potential is manifestly SO(8) invariant. In section [, where
we establish the superspace formulation of the BLG theory, we demonstrate how this
happens through a special cancellation involving the F and D terms.!

In section f] we study its generalizations to U(N) x U(N) gauge theory found by
ABJM [[0]. The quartic superpotential of this 2 + 1 dimensional theory has exactly the
same form as in the 3 + 1 dimensional theory on N D3-branes at the conifold singular-
ity i]. For general N, its global symmetry is SU(2) x SU(2) but for N = 2 it becomes
enhanced to SU(4) [[[f] (in this case the theory becomes equivalent to the BLG theory
with an extra gauged U(1) [Id). For N > 2 ABJM showed that this theory possesses
N = 6 supersymmetry [[(]. In the N' = 2 superspace formulation, this means that, for a
specially chosen normalization of the superpotential, the global symmetry is enhanced to
SU(4)r. We demonstrate explicitly how this symmetry enhancement happens in terms of
the component fields, once again due to a special cancellation involving F and D terms.

In section f| we consider a Z, orbifold of the ABJM theory that produces a (U(N) x
U(N))™ Chern-Simons gauge theory. This theory possesses SU(2) x SU(2) R-symmetry,
indicating that it has N' = 4 supersymmetry. We propose that this theory describes N
M2-branes at a certain Zj, X Zj, orbifold of C4, where k is linearly related to the level k.
Thus, this theory is conjectured to be dual, in the sense of []-[[9], to a certain Z,, x Z;,
orbifold of AdS, x S7. In section [] we consider a different Z; orbifold of the ABJM theory
that produces a family of chiral (U(N) x U(N))! Chern-Simons gauge theories with N = 2
supersymmetry and SU(2) global symmetry. These theories are conjectured to be dual to
2y x Ty, orbifolds of AdSyx S 7 that preserve the same symmetries. In section [ we deform the
quartic superpotential of the ' = 8 theory by an SU(3) invariant mass term, creating RG

1This phenomenon is analogous to what happens when the N’ = 4 SYM theory in 341 dimensions is
written in terms of an N' = 1 gauge theory coupled to three chiral superfields. While only the U(1)r x SU(3)
symmetry is manifest in such a formulation, the full SU(4) ~ SO(6) symmetry is found in the potential as
a result of a specific cancellation between the F and D terms.



flow to an N = 2 superconformal gauge theory with a sextic superpotential. We conjecture
that this new gauge theory is dual to the U(1)g x SU(3) invariant extremum [R(] of the
N = 8 gauged supergravity. We also propose that the entire SU(3) invariant RG flow in
the Chern-Simons gauge theory is dual to the M-theory description found in [21-P4)].

2. Summary of BLG theory

Here we review the BLG theory in van Raamsdonk’s product gauge group formulation [J],
which rewrites it as a superconformal Chern-Simons theory with SU(2)? gauge group and
bi-fundamental matter. It has a manifest global SO(8) R-symmetry which shows that it is
N = 8 supersymmetric.

We use the following notation. Indices transforming under the first SU(2) factor of the
gauge group are a, b, ..., and for the second factor we use a, l;, .... Fundamental indices are
written as superscript and anti-fundamental indices as subscript. Thus, the gauge and mat-
ter fields are A%, Adi)’ X%, and ¥%. The conjugate fields have indices (X3, and (w1)a,.
Most of the time, however, we will use matrix notation and suppress gauge indices. Lorentz
indices are u = 0, 1,2 and the metric on the world volume is g, = diag(—1,+1,+1). SO(8)
vector indices are I, J,.... The fermions a represented by 32-component Majorana spinors
of SO(1,10) subject to a chirality condition on the world-volume which leaves 16 real
degrees of freedom. The SO(1, 10) spinor indices are generally omitted.

The action is then given by [

S = / B tr [— (P XD, X" + Wt r*D,w

. 2
— ﬁ@TF’J(XIXJTLI/ +x7utx! +wxTix) - 817 o XU X1 XK K X x 1)
3 3
1 2i 1o o+ m a2
+ ge“ <AM8VA>\ + gAMA,,A,\> — ge“ <AM8,,A>\ + gAuAVA/\ﬂ (2.1)
where the covariant derivative is
DX =9, X +iA,X —iXA,. (2.2)
The Chern-Simons level & is contained in
2T
. 2.
f=2 (23)

The bifundamental scalars X/ are related to the original BLG variables x with SO(4)
index a through

1 ,
X' = §($£]l +izlo?), (2.4)

where ¢! are the Pauli matrices. It is important to note that the scalars satisfy the reality
condition

X" =—eXe, (2.5)



where ¢ = ioy. This condition can only be imposed for the gauge group SU(2)2, which
seems to present an obstacle for generalizing the theory to rank N > 2. Recently, this ob-
stacle was overcome by using complex bifundamental superfields [[(]. This will be reviewed
in section [4.

Finally we note the form of the SU(2)? gauge transformations

A, — UAU" —iU0,UT, X - UXUT, (2.6)
A, - UA U —iU9,UT, Xt - UXxUt,

where U, U € SU(2).

3. BLG theory in N = 2 superspace

In this section we will write the BLG theory (B.)) in N/ = 2 superspace. Of the SO(8)r
symmetry this formalism leaves only the subgroup U(1)g x SU(4) manifest. However, we
will demonstrate how the SO(8) R-symmetry is recovered when the action is expressed
in terms of component fields. Our notations and many useful superspace identities are
summarized in appendix [A].

The gauge fields A and A become components of two gauge vector superfields V and
V. Their component expansions in Wess-Zumino gauge are

V=200 0(x) + 2070 A, () + V2i60?0x(x) — V2i 0% 0x(x) + 020 D(z)  (3.1)

and correspondingly for V. Here o and D are auxiliary scalars, and y and ¥ are auxil-
iary fermions. The matter fields X and ¥ are accommodated in chiral superfields Z and
anti-chiral superfields Z which transform in the fundamental and anti-fundamental repre-
sentation of SU(4), respectively. Their SU(4) indices Z4 and Z4 will often be suppressed.
The component expansions are

Z=Z(xp)+V20((xp) + 0> F(xy) , (3.2)
Z =Z(xgr) — V20( (xr) — 0* Fi(xr) . (3.3)

The scalars Z are complex combinations of the BLG scalars
ZA = XA XA for A=1,....4. (3.4)

We define two operations which conjugate the SU(2) representations and the SU(4) repre-
sentation, respectively, as?

7 = —e(Z2M)Te = X 4 ixTA+

Zy = —e(Z4)e = XA —ixAtt,

2We should caution that the bar denoting the anti-chiral superfield Z is just a label and does not
mean that the component fields are conjugated by (@) In fact, the components of Z are the hermitian
conjugates, see (E)



Separating these two operations in possible only for gauge group SU(2)?2, since for gauge
groups of higher rank there is no reality condition analogous to (B.J). In these cases only the
combined action, which is the hermitian conjugate ZT = Z* makes sense. The possibility
to conjugate the SU(4) representation independently from the SU(2)? representation allows
us to invert (B.4):

XA=32Z4+ Z4), XM =1L(24-24). (3.7)

T

The superspace action S = Scs + Smat +Spot, consists of a Chern-Simons part, a matter
part and a superpotential given by

Scs = —iK / dBa d* / it [VDO‘ (etvDae_W> — VD~ (eﬂ}Dae_ﬂ}ﬂ . (3.8)
0

Smat = —/d?’x d*0 tr ZAe_VZAev, (3.9)
Spot = L / Brd’0W(Z2) + L / Brd*dW(Z) (3.10)

with
vvzzngBCDtrzAzﬂizCzﬂ?, VV::EfABCDtrZAZ%ZCZ%. (3.11)

In terms of SO(4) variables, Z,, which are related to the SU(2)? fields according to (B-4),
it assumes the form

1
W=—cre ApcpettedzAzBzC2zD (3.12)
This superpotential possesses only a U(1)g x SU(4) global symmetry as opposed to the
SO(8)r symmetry of the BLG theory. We will show in the following that when the nor-
malization constants K and L are related as K = %, then the R-symmetry of the model is
enhanced to SO(8). If we furthermore set L = 4f, we recover precisely the action (P.1)).

The gauge transformations are given by [2]

etV N eiAetVe—iA , etV N eiAetVe—iA , AN eiAZe—iA , Z N eiAZe—iA 7 (313)

where the parameters A,A and fX,fX are chiral and anti-chiral superfields, respectively.
Their ¢ dependence is determined by consistency of the transformation law for VV and V.
In order to preserve the WZ gauge, these fields have to be simply

A=Xzz), A=Xag), A=2XAz), A=Azn). (3.14)

with A and A real. These transformations reduce to the ones given in (.4) when we set
U(z) = &) and U(z) = 2@,



Expressions in components. We will now show that the above superspace action de-
scribes the BLG theory by expanding it into component fields. The Chern-Simons action
then reads

2 9% .
Scs =K / d*z tr [2&“ (A,@,AA - gAMA,,AQ — 2¢ <AM8,,AA + éAuAVAA>
+ 2ixx — 2ixX — 4Do + 4[5&] (3.15)
and the matter action becomes
Smat = / B tr [—(DHZ)TD“Z —i¢'P¢+ FIF+ 21DZ — 2T ZD
+iZIC+iCTxZ —iZi¢y —icT Zy
— 76?2 — 21 26% + 2Z%c 26 —ictoC +ict¢o| . (3.16)

The gauge covariant derivative is defined in (2.9). Let us remind that our notation sup-
presses indices in “standard positions”,? e.g.

tr Zfx¢ = w Zix¢d = (Z1)% () (¢ - (3.17)

The superpotential contains the following interactions of the component fields

L
Spot =~ 73 B tr [e aBep (CABZOZP — (FAB 707D (AZMB(C 7P

+eABOD (T Ep 78 7y — CalhZo 73 + 84 258 Zp)
+2eapopFAZP 2070 — 90t PCP R Zp7k Zp| . (3.18)

Integrating out auxiliary fields. The fields D and D are Lagrange multipliers for the
constraints

1 1
n_ ___ n T I — uyAl
o Ve trt"ZZ", & e trt"ZV 7, (3.19)

where " are the generators of SU(2) normalized as described in appendix [A] The equations
of motion for the x’s are

1 1
TL:__ n T 7”:—— n T

% 5 trt"Z( X 5 trt" 2T, (3.20)
g "¢tz e t"Z1¢ (3.21)

X Tk ’ X Tk ’ '

and the ones for F' are

L _ 4 = L
FA = —EEABCDZBZé’ZD, Fl = +E€ABCDZiBZCZiD : (3.22)

3The standard position of an index is defined when the field is introduced and those for spinor indices
are explained in appendix E



Using these relations one finds the following action

%MAQ

w|¥

S = / B [2KEW tr (AMZ?VAA + %AMAVAA — A, 0,Ay -
- tr(D,U«Z)TDMZ —itr C'T@C — Vierm — Vbos:| . (323)

The quartic terms Vi are interactions between fermions and bosons, and the sextic terms
Vhos are interactions between bosons only. Separated according to their origin we have

erm i
vim = oAz 2l - (i zh P + 2002 2P - 22l A2 (324)

4K
L
Vlgerm _ EEABCD tr [CACiBZCZiD _ CiACBZiCZD + CAZIBCCZiD:|
L e e oo e~
+ 5Pt [gngZgZD —CalhZoZ + @ZngZD} (3.25)

and

1

bos __ A B C T 7Arzt 7Bt ,C Bt 7 AT »C

VB = tr| 24242 2,20 7}, + 28 24 2} 7P 2}, 20 - 221,27 7,24 7}, 2¢ | (3.26)
2 o

VEos = —35¢ apccePPEC ¢ 244 7B 73C 75 71 7o (3:27)

When substituting in (B.4) we find that for K = % all sextic interactions can be joined
together to

2
prbos _ % tr XU X1 X K] HIK X Xt (3.28)

Furthermore setting L = 4f, this is precisely the scalar potential of the BLG theory (P.]).
With this choice also the other coefficients match exactly.

4. ABJM U(N)? gauge theory in superspace

As remarked in section [, it is not obvious how to generalize van Raamsdonk’s formulation
of the BLG theory to higher rank gauge groups. This difficulty is also evident in our super-
space formulation, since the manifestly SU(4) invariant superpotential is gauge invariant
only for SU(2) x SU(2) gauge theory. A way forward is the recently proposed generalization
due to ABJM [Lq].

Their key idea for the generalization is to give up the manifest global SU(4) invariance
by forming the following complex combinations of the bifundamental fields:

Z' = X' +ix° Wi = X3 +iX
72 =X%+ix%, Wy = X4 4ix87

1)
2)

Promoting these fields to chiral superfields, the superpotential of the BLG theory (B.11)
may be written as [I(]

N =

(4
(4

Spot = L/di”x d?OW(Z,W) +L/d3:pd2§W(Z, ) (4.3)



with
1 1 o
W= ZeACeBD tr ZWpZWp, W= ZEACeBD tr ZAWBZoW?P . (4.4)

This form of the superpotential is exactly the same as for the theory on D3-branes on the
conifold ] and it generalizes readily to SU(N) x SU(N) gauge group. This superpotential
has a global symmetry SU(2) x SU(2) and also a “baryonic” U(1) symmetry

ZA S ezA W — e g | (4.5)

In the 3+1 dimensional case this symmetry is originally gauged, but far in the IR it becomes
global [[§]. However, in the present 2 + 1 dimensional example this does not happen, so
it is natural to add it to the gauge symmetry [[(]. Including also the trivial neutral U(1),
we thus find the U(NN) x U(N) Chern-Simons gauge theory at level k. The gauging of
the symmetry (f.5) seems important for obtaining the correct M-theory interpretation for
arbitrary k and N [[l0]. Since this symmetry corresponds to simultaneous rotation of the 4
complex coordinates of C* transverse to the M2-branes, this space actually turns into an
orbifold C*/Z;, [[d]. Because of this gauging, even for N = 2 the ABJM theory is slightly
different from the BLG theory.

Let us summarize the properties of the ABJM theory [I] and explicitly prove that
its U(1)g x SU(2) x SU(2) global symmetry becomes enhanced to SU(4)r. The fields Z
and W transform in the (2,1) and the (1,2) of the global SU(2)? and in the (N,N) and
the (N, IN) of the gauge group U(N)?, respectively. We use the following conventions for
SU(2)? indices: Z4, Z4, Wa, WA and for U(N)? indices: 2%, Z%, W%, W%. The
gauge superfields have indices V%, and 1}&13' The component fields for Z, Z and V are as
previously in (B.d), (B.d) and (B.1)). The components of W and W will be denoted by

W =W (rr) +V20w(xr) + 602 G(xr) , (4.6)
W =WT(zg) — V20w (zg) — 02 GT(xR) .

The Chern-Simons action is formally unaltered (B.§), the matter part (B.9) splits into
Smat = /d3$ d49 tr {_ZAG_VZAG]A; — WAE_]}WABV} s (48)

and the superpotential is given by (f£.). The symmetry enhancement to SU(4)g requires
the normalization constants in (B.§) and ([.3)) to be related as K = %

Expressions in components. The component form of the Chern-Simons action has
been computed in (B.15) and the matter action involving Z looks identical to (B.16) where
now Z,(, F' have only two components. The matter action for W is analogously given by

St = / P tr [—(DMW)TD“W —iwlPw + Gta + widw — wiwb
+iW T jw + iwf YW — iWlwy —iw Wy
—WieW —WiWo? +2WTeWo —iw'6w +iwlwe |,  (4.9)



where D,W = 0, W + ifluW —iWA,. The superpotential expands to

Soot = g / B tr [e aceBP <2FAWBZCWD +274WEZ°Gp (4.10)
—2<AWBZ%D—2<AwBZCWD—Z%BZCwD—gAWBCCWD>
~Cepp (2E\WHEZEWIP 4 22} WHE Z} P
+2<LWTBZMD+2<LwTBZgWTD+ZLWTBZMD+<LWTB<};WTD)] .

Integrating out auxiliary fields. The auxiliary fields can be replaced by means of the
following equations:

o= %trT"(ZZT -Wiw), 6" = %trT"(ZTZ - Www'), (4.11)
X" = _% tr 7 (2¢ - wfw) | X" = —% tr T (¢Z" - Wiw) (4.12)
X":—%trT”(CTZ—WwT), i":—%trT"(ZTC—wWT), (4.13)
A = +§6ACEBDWTBZgWTD : Ga= —gﬁACGBDZLWTCZE : (4.14)
Fl = —ge AcePPWEZCWh | G4 = +§eAceBDZBWCZD . (4.15)

Then the total action reads
5= / P [2K e tr(4,0,Ar + B A, A A — A0, Ay~ BA,A,4))
—tr(D,Z)'DHZ — tr(D, W) DFW — itr (TP¢ — i tr wiPuw
— Vierm — Vbos] (4.16)
with the potentials

1
errm -
PR

+ 5 u(CA 2L W) (28— tP W) - (Zh¢A - waW ) 2P - W)

L
V;;erm = ZGACEBD tr [QCAWBZCL«)D + 2CAwBZCWD + ZAwBZCwD + CAWBCCWD]

tr [(CACL—WTAWA)(ZBzg —WHBWg)— (¢ ¢t —waw) (227 —WBWTB)}

L
+ e Cep tr| 20, WHE ZLtP achwtP ZL WP+ Zh ot 2L tP + B L wt?)

and

Vs = 1622 tr[(ZAZj1 +WHAW,) (282 - wiBwg) (2€ 7L, - wiCwe)

+ (2824 + wawtA) (2525 — wew'iB) (2526 — wewTC)
— 228 (282 —wiBwy) 2422 — wew'©)
— 2wt (22" - wewP)Wa (20 Z) - wiwe) |



L2
VE® = =t |[WHZEWIOWaZPWe — WA ZLwiCWe zPWa
+ 2w 2} 24w 2C — Z\ WPzl 2wz

Let us note that VJ?OS and VDbOS are separately non-negative. Indeed, the F-term
contribution is related to the superpotential W through

2

oW = tr[FIFA + GT1Ga], (4.17)

0zZA

Vbos — ? oW
F OW 4

with F4 and G4 from (14), (E1). The D-term contribution may be written as
VE® = tr[NINA + MTAMy] (4.18)

where N4 = ¢Z4 — Z46 and My = 6W4 — Wxo. Thus, the total bosonic potential
vanishes if and only if

FA=Ga=N4=My=0. (4.19)

SU(4) invariance. If the coefficients of the Chern-Simons action and the superpotential
are related by K = %, then the R-symmetry of the theory is enhanced to SU(4).° In order
to make this symmetry manifest we combine the SU(2) fields Z and W into a fundamental
and anti-fundamental representation of SU(4) as

YA = {ZA WY v = {2, W, (4.20)

where the index A on the left hand side now runs from 1 to 4. Then the potential can be
written as [[I(]
L [oAytyBylty Oyt o yiyAytyByiyC
~ 5 YV YRy Y+ vy vy Py
A c B A B c
YAV Y OYIY By — ey AY Y By vy | (4.21)

Vbos —

The fermions have to be combined as follows
b = {eanC® e —eapulP ey g = (ABCh e APy e | (422)
and we can write fermionic interactions in the manifestly SU(4) invariant way:
iL
viem = | ViY A Plyp — YAV Iyt + 2y s - 2y iy Pyt
= APOPY LY un + eapopY 4Py CuPt] (4.23)

Thus, the U(1)g x SU(2) x SU(2) global symmetry is enhanced to SU(4) symmetry, with
the U(1)g corresponding to the generator % diag(1,1,—1,—1). This shows that the theory
in general possesses N/ = 6 supersymmetry.

4We thank John Schwarz for useful discussions on this issue.
®This SU(4) g symmetry should not be confused with the global SU(4) of the BLG theory. The latter is
not manifest in the ABJM theory, but should nevertheless be present for £k =1 and k = 2 [E]

— 10 —



In [I{] it was proposed that this U(N) x U(XN) Chern-Simons theory at level k describes
the world volume of N coincident M2-branes placed at the Z; orbifold of C* where the
action on the 4 complex coordinates® is y4 — e?™/*y4. This action preserves the SU(4)
symmetry that rotates them, which in the gauge theory is realized as the R-symmetry. The
N = 6 supersymmetry of this orbifold can be checked as follows. The generator of Z; acts
on the spinors of SO(8) as

U 627ri(81+82+33+54)/kgp , (424)

where s; = £1/2 are the spinor weights. The chirality projection implies that the sum of
all s; must be even, producing an 8-dimensional representation. The spinors that are left
invariant by the orbifold have Z?:l s; = 0 (mod k). This selects 6 out of the 8 spinors;
therefore, the theory on M2-branes has 12 supercharges in perfect agreement with the
Chern-Simons gauge theory with general level k.” This is one of the reasons why the
theory reviewed in this section was conjectured to be dual to M-theory on AdS, x S7 /7y
with N units of flux [[I(]].

5. Non-chiral orbifold gauge theories

The results reviewed in the previous sections clearly represent major progress in under-
standing AdS,/CFTj3 duality. In this section we make the first steps towards generalizing
them. We will consider a further Z, projection of the basic SU(4)-invariant Zj orbifold
reviewed in section f.8 The Z,, action is

27ri/ny1 ’ 27ri/ny3 ’ y4 N y4 ] (51)

Yyt —e v =y, v e

This rotates the spinors of SO(8) by the phase e2mi(s1+s3)/n  Thus, the spinors left invariant
by the combined Z; and 7Z,, actions have s; 4+ s3 = sy + s4 = 0. There are 4 such spinors
corresponding to N’ = 4 supersymmetry. The orbifold action preserves SU(2) x SU(2)
global symmetry, which is the R-symmetry in N' = 4 supersymmetric Chern-Simons gauge
theories.

To construct the gauge theory, which turns out to be a non-abelian generalization of
the N = 4 supersymmetric quiver gauge theory found in section 3.2 of [I4], we apply the
well-known orbifold projection technique introduced in [R7]. The starting point is the gauge
theory from section [ for gauge group U(nN) x U(nN). We rename the fields as Z — 3,
W — 2,V — U and V — 0 in order to have the original variables available for the fields
after the orbifold projection. The 7, orbifold action is given by

31— 2m/mQ3l0f W, — e 2"/mQ9,01 g — QuOl, (5.2)
32 - Q3% 2, — QL0 T — QuOQl,

Let us note that these coordinates are not the same as the complex coordinates z4 natural for the
superspace formulation of BLG theory in section E They are related through y' = 2! 9% = 22, 4% =
3 4 _ -4
2yt =2z

"For k = 1 and k = 2 there is further enhancement to A/ = 8 supersymmetry, which is subtle in the
gauge theory [E]

8 A Zs orbifold of the BLG theory was also studied in [@] This orbifold is contained in our construction

as a special case.
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U2n

Figure 1: Non-chiral quiver. The fields Z; transform in (N, N) representations and the fields W,
in (N,N) ones. The arrows indicate under which of the Uy(N) the fields transform. For instance
Z, transforms under (Us(V), U2(N)). We close the chain by identifying Uszp+1(N) = Ur(NV).

where = diag(1yxn, 2N NN, - - ,62”("_1)/”]le1\7). In the orbifold theory only
those components of the superfields are retained which are invariant under (§.9). Explicitly
these components are

0 Z
0 Z3
3= 0 . : 3% = diag(Zon, 22, - .., Zon-2) (5.3)
0 223
Zon—1 0
0 Wan—1
W; 0
W, = Ws 0 ; W, = diag(Wapn, Wa, ..., Wan—2), (5.4)
0
W2n—3 0
and
U = diagV1, Vs, ..., Von_1), U =diag(Van, Va, ..., Van_2) - (5.5)

The projection has broken the U(nN) x U(nN) gauge symmetry down to the U3j(N)®...®
U2, (N) and the new field content is given by Vy, Zy, Wy, Zy and Wy for £ = 1,...2n. These
matter fields transform under bifundamental representations of various pairs of U(N)’s.
Our labeling is such that the rows of 3 correspond to the gauge groups Ui, Us, ..., Usn_1
and the columns to Uszy, U2, U4, ..., Usn—o. For 2 rows and columns are interchanged.
These transformations properties are depicted and further described in the quiver diagram
in figure [Il.

The action of the orbifold theory is given by the following Chern-Simons and matter
parts,

2n

1
Sos = iK / B d*9 / dt Z(—l)ftrnga(etWDae—tW) : (5.6)
0 =1

Smat = /d3x d*o Ztr [—223_16_)/2“1225_16‘)22 — Wop_167 V2t Wy 1eY20-1
(=1

—2256_V25+12256V25 — WQ@G_V%WMGVZZH] (57)
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and the superpotential

"1
W = Z 5 tr |:ZZZ—1W2ZZQZW2[_1 — Z2ZWQZZ2E+1W25+1} (58)
=1
_ "1 o _ _ _ _ _
W = 3 tr [Z2ZW2Z+1Z2Z+1W2€ - 225—1W25—1225W24 . (5.9)

~
Il

1

The terms in this superpotential correspond to all closed loops that follow four arrows and
connect three sites in the quiver diagram in figure fI. For n = 1 we get back the original
ABJM theory [[L(] of section [

We note that the orbifold projection has partially broken the SU(4) R-symmetry of
the n =1 model. Since the fields do not carry any further index besides the gauge indices
and the label ¢, only a U(1)r symmetry is manifest. However, similarly to the previous
cases, we observe an R-symmetry enhancement to SU(2), x SU(2), which indicates that
the theory possesses N = 4 supersymmetry.” The SU(2), x SU(2), symmetry can be made
manifest in the potential by introducing doublets

Yt ={Z, W[}y, v, ={z]. W}, (5.10)

for each link ¢. Then the SU(2), factor rotates the fields on the odd links, and the SU(2),
factor those on the even links. In order to illustrate this statement, we write down the
bosonic potential:

b A B g
ybos — _ 2 [trY% Yjﬂ Yy Yg,% Yo YCT,%

A B c
+3trYs Yj,zz Y5 Yg,zz Yéé+1YcT,2z+1
A B c
+3trYsy, Yj;zz Y'24+1Y];24+1Y'24+1Y&2@+1

+t Y Y, YE v vE Y
2041Y A 2041 Y2041Y B oer1 Yorr1Y o0t
trYl,, Yivio, VP vl vE
T Y o 1 Yor1¥Bop_1Yor-1YC 001 Y201
+3trYl,, Yi o vi B vl vE¢
YA op 1 Yor—1¥Bor_1¥2-1¥co0 Yor (5.11)
A B c
+3 Y], Yol Yia, Ye Vi, Y
A B c
+tr Yj,zz Yy Yg,zz Y YcT,zz Yo
A c B
+4tr Yzz—1Y;,2e—1yzz—1Yj,2e—1Y2e—1YcT,2z—1
A c B
+12tr Yy, Y;,% Yzz+1Yj,zz+2Y2e+2th,2e+1
A c B
+ 12tr Y2£+1Yg,2e+1yzz Yj,zz—1Y2e—1Y(,T*,2e

A c B
+4trYs, Yg,% Yoo ij,% Yo YcT,zz

9This agrees with the conclusion reached in section 3.2 of [E] about the abelian, N = 1, version of this
gauge theory.

— 13 -



—6tr Yz?—1Y;,2e—1Y2§—1Yj,2e—1Y2%—1YCT,2z—1
— 6tr Yy Y;,% Ys; Yj,% Yy YcT,zz
—6tr Y2?+1Yg,2e+1Y2?+1Yj1,2e+1Y2? YcT,zz
—6trYy Vi, Yol Vi, il Vi,
—6tr Yz‘?—lyg,% Yy ij,2e—1Y2?—1YcT,2z—1
—Gtr th} Yg’%_lYﬁ_le’% YZ% YcT,zz
—6tr Y5l 1V 5psoYorroVhop 1 Vel Yo
— 6trYy) Yg,2é—1yé?—lyj,2é Y2%+1Y(,T*,2z+1

As a matter of fact, this potential is almost SU(2)?" invariant. Only the two terms with
factor 12 break this symmetry to SU(2), x SU(2)e.

Note added. After the original version of this paper appeared, two papers [B§, B9
analyzed the moduli space of this non-chiral U(N)?® quiver gauge theory for N = 1.
These papers demonstrate that one of the U(1) gauge symmetries, which corresponds to
the combination of the gauge potentials ?Zl(—l)eAg, is broken to a discrete subgroup.
Assuming their choice of quantization condition is correct, this implies that for the non-
chiral quiver chain the moduli space is C*/(Zy, X Zgy), i.e. k = kn. It is thus natural to
conjecture that the gauge theory describes N coincident M2-branes on this orbifold.

6. Chiral orbifold gauge theories

In this section we consider a different orbifold projection of the non-chiral ABJM theory,
which produces a gauge theory whose matter fields do not form pairs in mutually conjugate
representations. The Z; action is now given by

gl 2yt 2wl 3 3 (6.1)

This rotates the spinors of SO(8) by the phase e2mi(s1=52)/l Thyg, the spinors left invariant
by the combined Z; and 7Z; actions have 2s1 + s3 + s4 = 0. There are 2 such spinors
corresponding to N’ = 2 supersymmetry. The orbifold action also preserves SU(2) global
symmetry which commutes with the U(1)g symmetry (in the special case | = 2 this global
symmetry is actually enhanced to SU(2) x SU(2)).
On thﬁ:' gauge theory side, we start with the U(IN) x U(IN) gauge theory with fields
3, 20, %Y, U, and retain the superfields invariant under the Z; action
31— 2m/lg3l0t M, — QW0 ¥ — QuOt, (6.2)
32 e 203201 2, — Q.01 T — QUOT, (6.3)
where Q = diag(1yxn, 2/ NN e ez’ri(l_l)/l]leN). This projection breaks the
U(IN) x U(IN) gauge symmetry down to the (U(N) x U(N))!, and the resulting chiral
field content is summarized in the quiver diagram in figure . The global SU(2) symmetry
acts on the pairs of fields having parallel arrows. Now there is no possibility of a non-trivial
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Figure 2: Chiral quiver. The characteristic property of the chiral quiver is that no nodes are
connected by chiral fields with mutually conjugate representation (no anti-parallel arrows).

symmetry restoration since on each link there are no pairs of chiral superfields in mutually
conjugate representations of the gauge group. Thus, there is no extended supersymmetry,
and we are dealing with an A/ = 2 gauge theory that just happens to possess additional
global SU(2) symmetry. The symmetries match those of a Z; x Zj orbifold where the SU(2)
symmetry corresponds to rotations of y> and y*.

The chiral Zs projection corresponding to [ = 2 was originally considered in 3 + 1
dimensions to construct the theory on D3-branes at the tip of the cone over T /Zs where
the Zs acts freely [B0]. In this case the orbifold projection does not break the SU(2) x SU(2)
symmetry of the quartic superpotential. For the generalization to [ > 2 in the context of
conifold theory, which preserves only one global SU(2), see for example [B]].

7. N = 2 superconformal theory with SU(3) symmetry and RG flow

Let us consider the U(N) x U(NN) gauge theories in the special cases k = 1 or k = 2, where
they are expected to possess a global SU(4) non-R symmetry. We can then add a relevant
superpotential deformation that breaks it to SU(3), and this RG flow could take the theory
to a new N = 2 superconformal theory with SU(3) symmetry. An analogous construction
in the 3+1 dimensional N' = 4 SYM theory is to add a quadratic term in one of the
superfields, which creates an RG flow leading to a U(1)g x SU(2) invariant superconformal
theory with a quartic superpotential [B3]. Ideas similar to this were explored also in the
2 + 1 dimensional case PJ] where a quadratic term breaks the SU(4) global symmetry to
SU(3); we will make them more concrete here.

A subtlety of the ABJM theories with N > 2 is that only the SU(2) x SU(2) subgroup
of the global SU(4)g is manifest in the superpotential [IJ]. We will thus consider the
N = 2 case, closely related to the BLG theory, where a global SU(4) is manifest in the
superpotential (B:I9). A simple quadratic deformation that preserves the gauge symmetry
and an SU(3) gives the superpotential

W=— eapcpeizAZBzCZzD L m(zh)? . (7.1)

8- 4!

This relevant deformation causes RG flow that takes the theory to an N' = 2 superconformal
theory whose effective superpotential is found by integrating out Z3:

Wep ~ (eapce?cdztzBz0)2 (7.2)
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This sextic superpotential is marginal if we assign R-charge 1/3 to the remaining superfields
Z{f, A =1,2,3. Since 6 has R-charge 1, the fermionic superpartner has R-charge —2/3.
This means that the exact scaling dimension of the bosonic fields Z2 is 1/3, and of their
fermionic superpartners is 5/6. In addition to the U(1)g symmetry, the superpotential is
invariant under a global SU(3) symmetry that acts on the index A.

Thus, we have found N = 2 superconformal Chern-Simons theories with global SU(3)
symmetry, and we need to search for their M-theory duals. Remarkably, N. Warner [R(]
has found an AdS, extremum of the N' = 8 gauged supergravity [BJ] with exactly the same
symmetries as our gauge theory; namely, U(1)g x SU(3). Its uplifting to 11 dimensions
produces a warped product of AdS; and a “stretched and squashed” 7-sphere [3, 4], which
contains a C'P? giving rise to the SU(3) symmetry. We can plausibly conjecture that the
U(2) x U(2) Chern-Simons gauge theory with level & = 1 and the sextic superpotential
Weg is dual to such a background supported by two units of G4 flux (but the supergravity
approximation applies only in the limit of large flux). The theory at level k = 2 is then
dual to a Zs orbifold of the background in [23, 4.

In fact, the full holographic RG flow from the SO(8)r symmetric AdS, extremum in
the UV to the U(1)g x SU(3) symmetric AdS, extremum in the IR was constructed in [R1],
and its uplifting to 11 dimensions in [2J]. It was shown that the relevant operator giving
rise to the RG flow in the dual gauge theory has dimension 2 [R1]. This precisely agrees
with the dimension of the fermion bilinear we have added to the potential. Further studies
of the holographic RG flow R3] showed that in the IR theory there are chiral superfields of
R-charge 1/3, consistent with our claim. We may therefore conjecture that this RG flow
is encoded in the superpotential ([7.1]).

In order to check the AdS,/CFT3 correspondence we are proposing, we should match
the R-charges and dimensions of the gauge invariant operators. Luckily, in gauged super-
gravity the spectrum of perturbations was analyzed long ago [B4], and we will use these re-
sults. Perhaps the simplest chiral operators we can write down transform in the 6 of SU(3):

zAzb) (7.3)

This multiplet of operators consists of a scalar field of R-charge 2/3 and dimension 2/3; a
spin 1/2 fermion of R-charge —1/3 and dimension 7/6; and a pseudoscalar of R-charge —4/3
and dimension 5/3. In [B4] the fields with such quantum numbers can be found in table 2
corresponding to a massive hypermultiplet. It is further stated that there is a sextet with
R-charge y = 2/3, which agrees with ([[.3). The corresponding operator dimension is [B4]
Eo = A !]y|, and the standard relation between dimension and R-charge in 241 dimensions
requires A = 1 (this differs from the assignment A = 1/2 made in [B4]). In fact, using A = 1
and y = £2/3 in table 2 of [B4] we match the R-charges and dimensions of the operators con-
tained in the supermultiplet ([.3)), as well as in the corresponding anti-chiral supermultiplet.

Clearly, it is necessary to subject these ideas to further tests. One obvious problem is
to construct explicitly the U(1)g x SU(3) symmetric U(N) x U(N) gauge theory for N > 2,
which we conjecture to be dual to the background of [P with N units of flux.
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8. Discussion

In this letter we made first steps towards generalizing the BLG [[l-[] and ABJM [fLd]
superconformal Chern-Simons gauge theories. We wrote down the superspace formulation
for the U(N) x U(N) Chern-Simons theories with bifundamental matter and a quartic
superpotential of [Ig], which at level k describe N M2-branes at a Z;, orbifold [[[(]. We also
wrote down new theories describing N M2-branes at certain singularities C*/(Zy, x Zy).
In section ] we presented a family of non-chiral quiver gauge theories which have N = 4
supersymmetry, and in section [] a family of chiral quiver gauge theories possessing N' = 2
supersymmetry. Finally, we conjectured that ¥ = 1 Chern-Simons gauge theories with
SU(3) invariant relevant superpotential deformation are dual to the holographic RG flows
constructed in [21], PJ].

Clearly, there are many possible further generalizations of this work. It would be
desirable to understand systematically the gauge theories describing M2-branes at arbi-
trary orbifold singularities. Consider, for example, the orbifolds C*/Z; where the SU(3)
symmetric action on the 4 complex coordinates is diag(e2”/ k g2mi/k o2mifk o—6mi/ k) On
spinors this translates into multiplication by e2mi(sitsatss—3sa)/k and it is easy to see that
the orbifold preserves N' = 2 supersymmetry. It seems difficult, however, to write down
the dual gauge theory that has manifest global SU(3) symmetry. To see the full SU(3) one
may need to invoke the 't Hooft operators used in [[[{].

It would also be interesting to study resolution of orbifolds. In the 3 + 1 dimensional
case new theories may be obtained through turning on the Fayet-Iliopoulos terms which
correspond to partial resolutions of orbifolds [BU]. Perhaps a similar approach can be
undertaken also in 2 + 1 dimensions to produce theories of M2-branes at more general
conical singularities.
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A. Notation

The world-volume metric is g*¥ = diag(—1,+1,+1) with index range u = 0,1,2. We
use Dirac matrices (7)o" = (io?, o', 0?) satisfying y#y" = g + e Pv,. The fermionic
coordinate of superspace is a complex two-component spinor #. Indices are raised, 8¢ =
6‘1505, and lowered, 0, = eaﬁﬁﬁ, with €2 = —¢j5 = 1. Note that lowering the spinor
indices of the Dirac matrices makes them symmetric 755 = (=1, —03,0'). In products like
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040, = 62, 6%, = 00 etc and Ha’ygﬁéﬁ = 04" we suppress the indices. We have

0005 = %eaﬁe% 020" = %EQW (A1)
and likewise for 6 and derivatives. The Fierz identities are'
(1302) (Whstha) = — (raba) (hstn) — 3 (14 s te) (A2)
(1162) (1) = =3 (16n) Whsi) 5 (o) )+ 3 () (Wipve)
(17462) (05" ) = — 50 (i) (W) + 50" () o) — (1 ) ()

1
+ 56”'/”[(7!)1%7!)4)(?#37!)2) — (Y10a) (h37,02)]
which imply in particular
_ 1 .- _ _
(00)% = —59292, (00)(0770) =0, (04"0)(6~7"0) = 59 W9292 (A.3)
Supercovariant derivatives and susy generators are

Dy = 0o + i(7"0) 00, Qo = 0o —i(1"0)00, , (A.4)
Do = =04 —i(07")a0, Qo = —00 +i(07")a0, , (A.5)

with the only non-trivial anti-commutators
{Da, Dg} = —2i7,50u,  {QasQp} = 20750, - (A.6)
We use the following conventions for integration
d%0 = —id@"d@a, d?0 = —%déadéa, d*0 = d?0 d°0 , (A7)
such that
/d2902=1, /d2992:1, /d490292=1. (A.8)

It is useful to note that up to a total derivative
/ d*o D2D2 Ilo=go - (A.9)

The components of a chiral and an anti-chiral superfield, Z(zr,0) and Z(xg, ), are a
complex boson ¢, a complex two-component fermion 1 and a complex auxiliary scalar F'.
Their component expansions are given by

Z =¢(xr) +V200(xr) + 0> F(xr), Z=¢(xr) —V20P(xr) — 0% F(zr) (A.10)

Here and everywhere we use symmetrization and anti-symmetrization with weight one XYy =
(Xa,)/b - XbYa,)7 X([z}/b) = %(Xa)/b + XbYa,)'

1
2
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where
o = ol iy,  ahh =t —ifyH0 . (A.11)

The components of the gauge superfield V(z,6,0) in Wess-Zumino gauge are the gauge
field A, a complex two-component fermion X, a real scalar o and an auxiliary scalar D,
such that

V =2i000(z) + 2070 A, () + V2i 02 0x(x) — V2i 0% Ox(x) + 62 6*D(x) . (A.12)

We use the N x N hermitian matrix generators 7" (n = 0,...,N? — 1) and t"
(n = 1,...,N?2 — 1) for U(N) and SU(N) respectively. We have T" = (7°,t") with
T° = 1/V/N. The generators are normalized as tr T"T™ = §™". Completeness implies
tr AT" tr BT"™ = tr AB, tr AT"BT" = tr Atr B for U(N) and tr At" tr Bt" = tr AB —
L tr Atr B, tr At"Bt" = tr Atr B — + tr AB for SU(N).
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